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We explore semileptonic B decays to the four lightest excited charm mesons, D∗∗ = {D∗0 , D∗1 ,
D1, D
∗
2}, for nonzero charged lepton mass and for all b→ c`ν¯ four-Fermi interactions, including cal-
culation of the O(ΛQCD/mc,b) and O(αs) corrections to the heavy quark limit for all form factors. In
the heavy quark limit some form factors are suppressed at zero recoil, therefore, the O(ΛQCD/mc,b)
corrections can be very important. The D∗∗ rates exhibit sensitivities to new physics in b→ cτ ν¯ me-
diated decays complementary to the D and D∗ modes. Since they are also important backgrounds to
B → D(∗)τ ν¯, the correct interpretation of future semitauonic B → D(∗) rate measurements requires
consistent treatment of both the D∗∗ backgrounds and the signals. Our results allow more precise
and more reliable calculations of these B → D∗∗`ν¯ decays, and are systematically improvable by
better data on the e and µ modes. As an example, we show that the D∗∗ rates are more sensitive
to a new c¯ σµνb tensor interaction than the D
(∗) rates.
I. INTRODUCTION
The measurements of the ratio of semitauonic B decays
compared to the light-lepton final states,
R(X) =
Γ(B → Xτν¯)
Γ(B → Xlν¯) , l = µ, e , (1)
show a 4σ tension with the standard model (SM) expecta-
tions [1], when the X = D and D∗ results are combined.
Improving our understanding of the B → D(∗) form
factors, required for precision calculations of R(D(∗)),
has received renewed attention recently [2–8]. To max-
imize future sensitivity to new physics (NP) contribu-
tions, measuring and understanding contributions for ad-
ditional semileptonic decay modes mediated by the same
parton-level transition is important and necessary, not
only as they can give complementary information on the
new physics, but also as they constitute backgrounds to
the R(D(∗)) measurements.
In this paper we study B → D∗∗`ν¯ decays, where
D∗∗ ∈ {D∗0 , D∗1 , D1, D∗2} , (2)
denotes the four lightest excited charmed mesons, above
the {D,D∗} ground-state doublet of heavy quark sym-
metry (HQS) [9–11]. (TheD∗∗ notation is common in the
experimental literature; these are the 1P orbitally excited
states in the quark model.) In Ref. [12], SM predictions
for R(D∗∗) were derived, extending results for massless
leptons [13, 14], but a comprehensive study of NP effects
has not been carried out yet. We include contributions
from all possible four-fermion operators (assuming no
right-handed neutrinos), and derive the O(ΛQCD/mc,b)
and O(αs) terms in the expansions of the form factors,
going beyond the leading order in the heavy quark expan-
sion. The O(ΛQCD/mc,b) corrections to the SM matrix
elements were calculated a long time ago [13, 14], and
can be substantial, due to the suppressions of certain
leading order matrix elements near zero recoil, imposed
by heavy quark symmetry. We show that the available
B → D∗2lν¯ and B → D1lν¯ data are in severe tension
with the heavy quark limit, that is alleviated by includ-
ingO(ΛQCD/mc,b) corrections. Similarly, O(ΛQCD/mc,b)
terms can generate numerically dominant contributions
to NP matrix elements as well, and must be included.
Understanding the B → D∗∗`ν¯ decays as precisely as
possible, both theoretically and experimentally, is im-
portant for several reasons. First, as in B → D(∗)`ν¯
decays, certain form factor combinations are suppressed
by the light lepton mass, and thus cannot be constrained
by B → D∗∗lν measurements, but enter unsuppressed
in the semitauonic rates. The use of heavy quark effec-
tive theory (HQET) [15, 16] allows more precise future
measurements of B → D∗∗lν¯ to systematically improve
the predictions for B → D∗∗τ ν¯ [12], which will provide
complementary sensitivity to new physics compared to
B → D(∗)τ ν¯. Second, B → D∗∗`ν¯ decays also constitute
a significant background to the measurements of R(D(∗)),
contributing significantly to its uncertainty at present.
As certain B → D∗∗τ ν¯ modes may exhibit high sensitiv-
ity to NP, good theoretical control of these backgrounds
is required in order to understand which NP operators
may best fit the data. Third, better theoretical control
of these modes will help to improve the determinations
of the CKM elements |Vcb| and |Vub|, both from exclu-
sive and inclusive B decays. The study of these decay
modes [17] and their contributions to the Bjorken sum
rule [18] will help understanding the composition of the
inclusive B → Xc`ν¯ decay in terms of exclusive modes.
In Sec. II we establish notations and calculate all
B → D∗∗ form factors, including the complete set of
order O(ΛQCD/mc,b) and O(αs) effects. Section III con-
tains expressions for the differential decay rates for arbi-
trary currents and charged lepton mass. In Sec. IV we
study observables that are particularly sensitive to the
O(ΛQCD/mc,b) corrections, and plot effects of a NP ten-
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l J
P m (MeV) Γ (MeV)
D∗0
1
2
+
0+ 2349 236
D∗1
1
2
+
1+ 2427 384
D1
3
2
+
1+ 2421 31
D∗2
3
2
+
2+ 2461 47
D∗ 1
2
−
1− 2009 0.
D 1
2
−
0− 1866 0.
TABLE I. Isospin averaged masses and widths of the six light-
est charm mesons, rounded to 1 MeV [19].
sor interaction which could not be evaluated previously
with comparable accuracy. Section V concludes.
II. HQET EXPANSION OF THE FORM
FACTORS
We are interested in the B¯ → D∗∗ matrix elements of
operators with all possible Dirac structures, for which we
choose the basis
OV = c¯ γµ b , OA = c¯ γµγ5 b ,
OS = c¯ b , OP = c¯ γ5 b , OT = c¯ σµν b , (3)
with σµν = (i/2) [γµ, γν ]. Throughout this paper we as-
sume isospin symmetry, and B¯ denotes B¯0 or B−. As in
Refs. [12–14], we use the conventions Tr[γµγνγσγργ5] =
−4iµνρσ, so that σµνγ5 ≡ +(i/2)µνρσσρσ. (This is the
opposite of the common convention in the B¯ → D(∗)`ν¯
literature, which typically chooses Tr[γµγνγσγργ5] =
+4iµνρσ, so that σµνγ5 ≡ −(i/2)µνρσσρσ.)
A. Spectroscopy
The spectroscopy of the D∗∗ states is important, be-
cause in addition to the impact on the kinematics, it also
affects the HQET expansion of the form factors [13, 14].
The isospin averaged masses and widths for the six light-
est charm meson states are shown in Table I. (The level
of agreement between the measurements of the masses
and widths of the D∗∗ mesons, especially those of D∗0 in
the top row of Table I, is presently unsatisfactory [12].)
In the heavy quark limit, the spin-parity of the light
degrees of freedom, spill , is a conserved quantum number,
yielding doublets of heavy quark symmetry, as the spin sl
is combined with the heavy quark spin [11]. In the quark
model, the four D∗∗ states correspond to combining the
heavy quark and light quark spins with L = 1 orbital
angular momentum. The masses of each heavy quark
spin symmetry doublet of hadrons, H±, with total spin
J± = sl ± 12 can be expressed in HQET as
mH± = mQ + Λ¯
H − λ
H
1
2mQ
± n∓ λ
H
2
2mQ
+ . . . , (4)
Parameter Λ¯ Λ¯′ Λ¯∗ Λ¯s Λ¯′s Λ¯
∗
s
Value [GeV] 0.40 0.80 0.76 0.49 0.90 0.77
TABLE II. The HQET parameter estimates used [12].
where n± = 2J± + 1 is the number of spin states of
each hadron, and the ellipsis denote terms suppressed by
more powers of ΛQCD/mQ. The parameter Λ¯
H is the
energy of the light degrees of freedom in the mQ → ∞
limit, and plays an important role, as it is related to
the semileptonic form factors [13, 14]. The λH1 and λ
H
2
parameters are related to the heavy quark kinetic energy
and chromomagnetic energy in the hadron H. We use the
notation Λ¯, Λ¯′, and Λ¯∗ for the 12
−
, 32
+
, and 12
+
doublets,
respectively, and for the states in each doublet
D1/2
+ ∈ {D∗0 , D∗1} , D3/2+ ∈ {D1, D∗2} . (5)
The current data suggest that the mD∗1 − mD∗0 mass
splitting is substantially larger than mD∗2 − mD1 . This
possibility was not considered in Refs. [13, 14], since
at that time both of these mass splittings were about
40 MeV. The smallness of mD∗2 −mD1 and mD∗1 −mD∗0
compared to mD∗ − mD ' 140 MeV was taken as an
indication that the chromomagnetic operator matrix el-
ements are suppressed for the four D∗∗ states, in agree-
ment with quark model predictions. We relax this con-
straint, as in Ref. [12].
While the measured masses of the broad D∗0 and D
∗
1
states changed substantially over the last twenty years,
their 2J + 1 weighted average is essentially unchanged
compared to Ref. [14]. We use Λ¯′ − Λ¯ = 0.40 GeV and
Λ¯′− Λ¯∗ ' 0.04 GeV, and summarize the parameters used
in Table II. The uncertainty of Λ¯ is substantially greater
than that of Λ¯′−Λ¯ and Λ¯′−Λ¯∗; as we see below, the form
factors are less sensitive to Λ¯ than to these splittings.
B. Matrix elements to order ΛQCD/mc,b and αs
It is simplest to calculate the B¯ → D∗∗ matrix ele-
ments in HQET using the trace formalism [20–22]. It al-
lows a straightforward evaluation of the matrix elements
of the five operators in Eq. (3), as well as those of ad-
ditional operators generated by perturbative corrections
(for a review, see Ref. [23]). The O(αs) corrections are
given explicitly in Appendix A of Ref. [2], extracted from
Refs. [20, 24, 25]. The O(αs ΛQCD/mc,b) corrections are
known for the SM currents and would be straightforward
to calculate for any new physics, but are neglected below.
The three heavy quark spin symmetry doublets rel-
evant for this paper can be represented by the (su-
per)fields, which have the correct transformation prop-
3erties under Lorentz and heavy quark symmetries [22],
Hv =
1 + /v
2
[
B∗v / −Bv γ5
]
,
Kv =
1 + /v
2
[
Vvγ
5/ + Pv
]
, (6)
Fαv =
1 + /v
2
{
Tv 
αβγβ − Vv
√
3
2
γ5
[
α − 1
3
/(γα − vα)
]}
.
In this paper each representation occurs for only one
heavy quark flavor, so for simplicity we denote the com-
ponents of Hv by Bv and B
∗
v . The 
αβ denote a normal-
ized traceless symmetric spin-2 polarization tensor.
Similar to Ref. [26], including ΛQCD/mc,b corrections,
the B¯ → D∗∗ matrix elements can be written as
〈D1/2+ | c¯Γ b |B¯〉√
mD1/2+mB
= ζ(w)
{
Tr
[
K¯v′ ΓHv
]
+ εc Tr
[
K¯
(1)
v′,v ΓHv
]− εb Gˆb Tr[K¯v′Γ 1− /v
2
γ5Bv
]}
, (7a)
〈D3/2+ | c¯Γ b |B¯〉√
mD3/2+mB
= τ(w)
{
Tr
[
vσF¯
σ
v′ ΓHv
]
+ εc Tr
[
F¯
(1)
v′,v ΓHv
]
+ εb Fˆb Tr
[
vσF¯
σ
v′ Γ
1− /v
2
γ5Bv
]}
, (7b)
where εc,b = 1/(2mc,b), Γ is an arbitrary Dirac matrix, and
K¯
(1)
v′,v =
[
Vv′γ
5
(
/Mˆ2 +  · v Mˆ3
)
+ Pv′Mˆ1
]1 + /v′
2
+
[
Vv′γ
5
(
/Mˆ5 +  · v Mˆ6
)
+ Pv′Mˆ4
]1− /v′
2
, (8a)
F¯
(1)
v′,v =
[
Tv′
(
µνγµγν Nˆ1 + 
µνvµγν Nˆ2 + 
µνvµvν Nˆ3
)
+
Vv′√
6
(
/Nˆ4 +  · v Nˆ5
)
γ5
]1 + /v′
2
+
[
Tv′
(
µνγµγν Nˆ6 + 
µνvµγν Nˆ7 + 
µνvµvν Nˆ8
)
+
Vv′√
6
(
/Nˆ9 +  · v Nˆ10
)
γ5
]1− /v′
2
. (8b)
At leading order, in the heavy quark limit, all B¯ →
D1/2
+
form factors are determined by one Isgur-Wise
function, ζ(w), while all B¯ → D3/2+ form factors are de-
termined by another, τ(w). (In the notation of Ref. [17],
ζ(w) is twice the function τ1/2 and τ(w) is
√
3 times
the function τ3/2.) All form factors are viewed as func-
tions of the dimensionless kinematic variable w, instead
of q2 = (pB − pD∗∗)2, with
w = v · v′ = m
2
B +m
2
D∗∗ − q2
2mBmD∗∗
. (9)
Here v = pB/mB and v
′ = pD∗∗/mD∗∗ are the four-
velocities of the initial and final states.
The coefficients Mˆi and Nˆi contain order ΛQCD/mc,b
corrections. These are expressed in terms of sublead-
ing Isgur-Wise functions, which arise either from cor-
rections to the HQET Lagrangian or from matching
the current operators onto HQET [27–29]. Specifically:
(i) matrix elements of the O(ΛQCD/mc,b) current oper-
ators give rise to the subleading (dimensionful) Isgur-
Wise functions ζ1 and τ1,2; (ii) matrix elements involv-
ing the ΛQCD/mc,b suppressed kinetic energy operator,
h¯v(iD)
2hv/(2mQ), are spin symmetry conserving, and
generate the functions χc,bke and η
c,b
ke ; (iii) matrix elements
involving the chromomagnetic operator in the HQET La-
grangian, (gs/2) h¯vσµνG
µνhv/(2mQ), which violates spin
symmetry, generate the functions χc,b1,2 and η
c,b
1,2,3. The
notation for these subleading Isgur-Wise functions are
summarized in Table III.
As we consider only B (and not B∗) decays, the
ΛQCD/mb corrections from the chromomagnetic opera-
tor in the Lagrangian — the terms involving χb1,2 (η
b
1,2,3)
— enter in just one linear combination for all D1/2
+
(D3/2
+
) form factors, as do the heavy quark spin sym-
metry conserving subleading Isgur-Wise functions, χc,bke
(ηc,bke ). These can therefore be absorbed into the leading
order Isgur-Wise functions via the replacements,
ζ + εc χ
c
ke + εb
[
χbke + 6χ
b
1 − 2(w + 1)χb2
]→ ζ , (10)
τ + εc η
c
ke + εb
[
ηbke + 6η
b
1 − 2(w − 1)ηb2 + ηb3
]→ τ .
These replacements formally introduce O(Λ2QCD/m2c,b)
errors. Because the ΛQCD/mc,b terms themselves can
be dominant near zero recoil, these O(Λ2QCD/m2c,b) cor-
rections may in practice be sizable.
doublet leading order 1/m current 1/m Lagrangian
D1/2
+
ζ ζ1 χ
c,b
ke , χ
c,b
1,2 → χ1,2
D3/2
+
τ τ1,2 η
c,b
ke , η
c,b
1,2,3 → η1,2,3
TABLE III. Leading and subleading Isgur-Wise functions that
parametrize B¯ → D∗∗ form factors atO(ΛQCD/mc,b). The ar-
rows in the last column indicate the minimal set of functions
needed for the 1/m Lagrangian corrections, if the replace-
ments in Eq. (10) are made. Omitted upper indices mean ‘c’.
4Hereafter it is understood that the replacements in
Eq. (10) are made, unless explicitly noted otherwise. As
in Table III, we omit the c superscript from the remain-
ing (unabsorbed) subleading Isgur-Wise functions. We
further define χˆ1,2 = χ1,2/ζ, ζˆ1 = ζ1/ζ, ηˆ1,2,3 = η1,2,3/τ ,
and τˆ1,2 = τ1,2/τ . With these conventions, the Mˆi and
Nˆi coefficient functions in Eq. (8) are
Mˆ1 = 6χˆ1 − 2χˆ2(w + 1) , Mˆ2 = −2χˆ1 ,
Mˆ3 = 2χˆ2 , Mˆ4 = 2ζˆ1(w + 1)− 3 Λ¯
∗w − Λ¯
w + 1
,
Mˆ5 = − Λ¯
∗w − Λ¯
w + 1
, Mˆ6 = −2ζˆ1 ,
Gˆb =
(1 + 2w)Λ¯∗ − (2 + w)Λ¯
w + 1
− 2(w − 1) ζˆ1(w) , (11)
and
Nˆ1 = −ηˆ3(w + 1) , Nˆ2 = ηˆ3 − 2ηˆ1 ,
Nˆ3 = −2ηˆ2 , Nˆ4 = −(2ηˆ1 + 3ηˆ3)(w + 1) ,
Nˆ5 = 10ηˆ1 + 4ηˆ2(w − 1)− 5ηˆ3 ,
Nˆ6 = (τˆ1 − τˆ2)(w − 1)− (Λ¯′w − Λ¯) ,
Nˆ7 = −(τˆ1 − τˆ2) , Nˆ8 = −2τˆ1 ,
Nˆ9 = 3(τˆ1 − τˆ2)(w − 1)− 4(Λ¯′w − Λ¯) ,
Nˆ10 = τˆ1(4w − 1) + 5τˆ2 ,
Fˆb = Λ¯ + Λ¯
′ − (2w + 1)τˆ1 − τˆ2 . (12)
The ΛQCD/mb corrections not absorbed into the leading
order Isgur-Wise functions occur exclusively in the Fˆb
and Gˆb linear combinations. (The sign difference between
these terms in Eqs. (7a) and (7b) is simply due to defining
their known Λ¯(′,∗) parts to be positive.)
C. B¯ → D1/2+ form factors
We define form factors in agreement with those in
Refs. [13, 14] for the SM currents. For B¯ → D∗0〈
D∗0
∣∣ c¯ b ∣∣B¯〉 = 〈D∗0∣∣ c¯γµb ∣∣B¯〉 = 0 ,〈
D∗0
∣∣ c¯γ5b ∣∣B¯〉 = √mD∗0mB gP ,
〈
D∗0
∣∣ c¯γµγ5b ∣∣B¯〉 = √mD∗0mB[g+(vµ + v′µ) + g−(vµ − v′µ)],〈
D∗0
∣∣ c¯σµνb ∣∣B¯〉 = √mD∗0mB gT εµναβ vαv′β , (13)
and for B¯ → D∗1 ,〈
D∗1
∣∣ c¯ b ∣∣B¯〉 = −√mD∗1mB gS (∗ · v) ,〈
D∗1
∣∣ c¯γ5b ∣∣B¯〉 = 0 ,〈
D∗1
∣∣ c¯γµb ∣∣B¯〉 = √mD∗1mB [gV1 ∗µ
+ (gV2vµ + gV3v
′
µ) (
∗ · v)] ,〈
D∗1
∣∣ c¯γµγ5b ∣∣B¯〉 = i√mD∗1mB gA εµαβγ ∗αvβ v′γ ,〈
D∗1
∣∣ c¯σµνb ∣∣B¯〉 = i√mD∗1mB [gT1(∗µvν − ∗νvµ)
+ gT2(
∗
µv
′
ν − ∗νv′µ)
+ gT3(
∗ · v)(vµv′ν − vνv′µ)
]
. (14)
These form factors are dimensionless functions of w, and
hereafter we often suppress displaying the w variable. In
the heavy quark limit, each of these form factors either
vanishes or is determined by the Isgur-Wise function,
g+ = gV2 = gT3 = 0 , gP = gV1 = (w − 1) ζ ,
g− = gT = gS = gA = −gV3 = −gT1 = gT2 = ζ . (15)
Unlike the leading order Isgur-Wise function in B¯ → D(∗)
decays, the function ζ(w) is not subject to any symme-
try imposed normalization condition. Near zero recoil,
only gP , gV1 , and the linear combination gT1 + gT2 con-
tribute to the decay rates without a (w − 1) suppres-
sion (in addition to the
√
w2 − 1 phase space factor; see
Eqs. (30) and (31) below), so heavy quark symmetry im-
plies that these form factors in the heavy quark limit are
suppressed near zero recoil as (w − 1) ζ. This is why the
order ΛQCD/mc,b terms have enhanced significance for
these decays [13, 14]. At order Λ2QCD/m
2
c,b and higher,
the expansion is expected to behave as suggested by the
power counting.
To write the O(ΛQCD/mc,b) corrections in a compact
form, we define
gˆi(w) = gi(w)/ζ(w) . (16)
Denoting αˆs = αs/pi we obtain
gˆP = (w − 1)
(
1 + αˆsCP
)
+ εc
{
3(wΛ¯∗ − Λ¯)− 2(w2 − 1)ζˆ1 + (w − 1)[6χˆ1 − 2(w + 1)χˆ2]
}− εb (w + 1) Gˆb ,
gˆ+ = αˆs (w − 1) CA2 + CA3
2
− εc
[
3
wΛ¯∗ − Λ¯
w + 1
− 2(w − 1)ζˆ1
]
− εb Gˆb ,
gˆ− = 1 + αˆs
[
CA1 + (w − 1)
CA2 − CA3
2
]
+ εc[6χˆ1 − 2(w + 1)χˆ2] ,
gˆT = 1 + αˆs CT1 + εc
[
3
wΛ¯∗ − Λ¯
w + 1
− 2(w − 1)ζˆ1 + 6χˆ1 − 2(w + 1)χˆ2
]
− εb Gˆb . (17)
5The Ci’s encode the αs corrections (and are given in Appendix A in Ref. [2]), and correspond to integrating out the
b and c quarks at a common scale, chosen as µ =
√
mcmb. For the order ΛQCD/mc,b and αs contributions to the
B¯ → D∗1 form factors we obtain
gˆS = 1 + αˆs CS − εc
[
wΛ¯∗ − Λ¯
w + 1
− 2(w − 1)ζˆ1 + 2χˆ1 − 2(w + 1)χˆ2
]
− εb Gˆb ,
gˆV1 = (w − 1)
(
1 + αˆs CV1
)
+ εc
[
wΛ¯∗ − Λ¯− 2(w − 1)χˆ1
]− εb (w + 1) Gˆb ,
gˆV2 = −αˆs CV2 + εc
(
2ζˆ1 − 2χˆ2
)
,
gˆV3 = −1− αˆs (CV1 + CV3)− εc
(
wΛ¯∗ − Λ¯
w + 1
+ 2ζˆ1 − 2χˆ1 + 2χˆ2
)
+ εb Gˆb ,
gˆA = 1 + αˆs CA1 + εc
(
wΛ¯∗ − Λ¯
w + 1
− 2χˆ1
)
− εb Gˆb ,
gˆT1 = −1− αˆs
[
CT1 + (w − 1)CT2
]
+ εc
(
wΛ¯∗ − Λ¯
w + 1
+ 2χˆ1
)
+ εb Gˆb ,
gˆT2 = 1 + αˆs
[
CT1 − (w − 1)CT3
]
+ εc
(
wΛ¯∗ − Λ¯
w + 1
− 2χˆ1
)
+ εb Gˆb ,
gˆT3 = −αˆs CT2 + εc
(
2ζˆ1 + 2χˆ2
)
. (18)
In Eqs. (17) and (18) the expressions for the SM terms
(g+, g−, gV1 , gV2 , gV3 , and gA) agree with Refs. [13, 14].
Only four functions of w are needed to parametrize all
twelve B¯ → D1/2+ form factors in Eqs. (17) and (18) at
this order: ζ, ζˆ1, and χˆ1,2. Only the 6χˆ1 − 2(w+ 1)χˆ2 =
Mˆ1 linear combination of χˆ1 and χˆ2 occurs for B¯ → D∗0
in Eq. (17), as expected from Eqs. (8).
D. B¯ → D3/2+ form factors
We define the form factors for B¯ → D3/2+ such that
they agree with those in Refs. [13, 14] for the SM terms,
〈
D1
∣∣ c¯ b ∣∣B¯〉 = √mD1mB fS (∗ · v) ,〈
D1
∣∣ c¯γ5b ∣∣B¯〉 = 0 ,〈
D1
∣∣ c¯γµb ∣∣B¯〉 = √mD1mB [fV1 ∗µ
+ (fV2vµ + fV3v
′
µ)(
∗ · v)],〈
D1
∣∣ c¯γµγ5b ∣∣B¯〉 = i√mD1mB fA εµαβγ∗αvβv′γ ,〈
D1
∣∣ c¯σµνb ∣∣B¯〉 = i√mD1mB[fT1(∗µvν − ∗νvµ)
+ fT2(
∗
µv
′
ν − ∗νv′µ)
+ fT3(
∗ · v)(vµv′ν − vνv′µ)
]
, (19)
while for B¯ → D∗2 ,〈
D∗2
∣∣ c¯ b ∣∣B¯〉 = 0 ,〈
D∗2
∣∣ c¯γ5b ∣∣B¯〉 = √mD∗2mB kP ∗αβ vαvβ ,〈
D∗2
∣∣ c¯γµb ∣∣B¯〉 = i√mD∗2mB kV εµαβγ ∗ασvσvβv′γ ,
〈
D∗2
∣∣ c¯γµγ5b ∣∣B¯〉 = √mD∗2mB [kA1 ∗µαvα
+ (kA2vµ + kA3v
′
µ) 
∗
αβ v
αvβ
]
,〈
D∗2
∣∣ c¯σµνb ∣∣B¯〉 = √mD∗2mB εµναβ {[kT1(v + v′)α
+ kT2(v − v′)α)] ∗γβvγ
+ kT3 v
αv′β∗ρσvρvσ
}
. (20)
The form factors fi and ki are again dimensionless func-
tions of w. In the heavy quark limit, each of these form
factors either vanishes or is determined by the Isgur-Wise
function, τ(w). (This Isgur-Wise function is different
from ζ(w), although model calculations can relate the
two). The simple parametrizations in Eqs. (19) and (20)
yield the slightly complicated relations
kA2 = kT2 = kT3 = 0 , fV1 = (1− w2)τ/
√
6 ,
fV3 = (w − 2) τ/
√
6 , −fV2 = fT3 = 3τ/
√
6 ,
fA = fS/2 = −fT1 = fT2 = kA1/
√
6 = −(w + 1) τ/
√
6 ,
kP = −kV = kA3 = kT1 = τ . (21)
At zero recoil where w = 1 and v = v′, only the fV1
form factor can contribute (as well as the linear combi-
nation fT1 + fT2), since 
µv′µ and 
µνv′ν vanish. Heavy
quark symmetry implies that fV1(1) is either of order
ΛQCD/mc,b, or its dependence on the leading Isgur-Wise
function, τ(w), is suppressed by (w − 1) [17]. This is
why, as explained above, the O(ΛQCD/mc,b) terms are
so significant for semileptonic decays to excited charmed
mesons.
We define in analogy with Eq. (16),
fˆi(w) = fi(w)/τ(w) , kˆi(w) = ki(w)/τ(w) . (22)
For the order ΛQCD/mc,b and αs contributions to the
B¯ → D1 form factors, we obtain
6√
6 fˆS = −2(w + 1)(1 + αˆsCS)− εb 2(w − 1)Fˆb
− εc
{
4(wΛ¯′ − Λ¯)− 2(w − 1)[(2w + 1)τˆ1 + τˆ2] + 2(w + 1)[6ηˆ1 + 2(w − 1)ηˆ2 − ηˆ3]
}
,√
6 fˆV1 = (1− w2) (1 + αˆs CV1)− εb (w2 − 1)Fˆb − εc
[
4(w + 1)(wΛ¯′ − Λ¯)− (w2 − 1)(3τˆ1 − 3τˆ2 + 2ηˆ1 + 3ηˆ3)
]
,√
6 fˆV2 = −3− αˆs
[
3CV1 + 2(1 + w)CV2
]− εb 3Fˆb − εc[(4w − 1)τˆ1 + 5τˆ2 + 10ηˆ1 + 4(w − 1)ηˆ2 − 5ηˆ3],√
6 fˆV3 = w − 2− αˆs
[
(2− w)CV1 + 2(1 + w)CV3
]
+ εb (2 + w)Fˆb
+ εc
[
4(wΛ¯′ − Λ¯) + (2 + w)τˆ1 + (2 + 3w)τˆ2 − 2(6 + w)ηˆ1 − 4(w − 1)ηˆ2 − (3w − 2)ηˆ3
]
,√
6 fˆA = −(w + 1)(1 + αˆs CA1)− εb (w − 1)Fˆb − εc
[
4(wΛ¯′ − Λ¯)− 3(w − 1)(τˆ1 − τˆ2)− (w + 1)(2ηˆ1 + 3ηˆ3)
]
,
√
6 fˆT1 = (w + 1)
[
1 + αˆs
[
CT1 + (w − 1)CT2
]]
+ εb (w − 1)Fˆb
− εc
[
4(wΛ¯′ − Λ¯)− 3(w − 1)(τˆ1 − τˆ2) + (w + 1)(2ηˆ1 + 3ηˆ3)
]
,
√
6 fˆT2 = −(w + 1)
[
1 + αˆs
[
CT1 − (w − 1)CT3
]]
+ εb (w − 1)Fˆb
− εc
[
4(wΛ¯′ − Λ¯)− 3(w − 1)(τˆ1 − τˆ2)− (w + 1)(2ηˆ1 + 3ηˆ3)
]
,√
6 fˆT3 = 3 + αˆs
[
3CT1 − (2− w)CT2 + 3CT3
]
+ εb 3Fˆb − εc
[
(4w − 1)τˆ1 + 5τˆ2 − 10ηˆ1 − 4(w − 1)ηˆ2 + 5ηˆ3
]
. (23)
For the order ΛQCD/mc,b and αs contributions to the
B¯ → D∗2 form factors we obtain
kˆP = 1 + αˆs CP + εb Fˆb
+ εc
[
(2w + 1)τˆ1 + τˆ2 − 2ηˆ1 − 2(w − 1)ηˆ2 + ηˆ3
]
,
kˆV = −1− αˆs CV1 − εb Fˆb − εc
(
τˆ1 − τˆ2 − 2ηˆ1 + ηˆ3
)
,
kˆA1 = −(w + 1)
(
1 + αˆs CA1
)− εb(w − 1)Fˆb
− εc
[
(w − 1)(τˆ1 − τˆ2)− (w + 1)(2ηˆ1 − ηˆ3)
]
,
kˆA2 = αˆs CA2 − εc 2
(
τˆ1 + ηˆ2
)
,
kˆA3 = 1 + αˆs (CA1 + CA3) + εb Fˆb
− εc
(
τˆ1 + τˆ2 + 2ηˆ1 − 2ηˆ2 − ηˆ3
)
,
kˆT1 = 1 + αˆs
[
CT1 +
w − 1
2
(CT2 − CT3)
]
− εc
(
2ηˆ1 − ηˆ3
)
,
kˆT2 = αˆs
w + 1
2
(CT2 + CT3) + εb Fˆb − εc
(
τˆ1 − τˆ2
)
,
kˆT3 = −αˆsCT2 + εc 2
(
τˆ1 − ηˆ2
)
. (24)
In Eqs. (23) and (24) the relations for the SM terms
(fV1 , fV2 , fV3 , fA, kV1 , kV2 , kV3 , and kA) agree with
Refs. [13, 14]. In this case six functions of w are needed
to parametrize all sixteen B¯ → D3/2+ form factors in
Eqs. (23) and (24), including all O(ΛQCD/mc,b) correc-
tions: τ , τˆ1,2, and ηˆ1,2,3.
E. Equations of motion
As in Ref. [2], we can verify the relations stem-
ming from the QCD equations of motion between the
(pseudo)scalar and the (axial)vector matrix elements,
−[mb(µ) +mc(µ)] 〈D∗0 | c¯γ5b |B¯〉 = 〈D∗0 | c¯/qγ5b |B¯〉 ,
[mb(µ)−mc(µ)] 〈D∗1 | c¯b |B¯〉 = 〈D∗1 | c¯/qb |B¯〉 ,
−[mb(µ) +mc(µ)] 〈D∗2 | c¯γ5b |B¯〉 = 〈D∗2 | c¯/qγ5b |B¯〉 ,
[mb(µ)−mc(µ)] 〈D1| c¯b |B¯〉 = 〈D1| c¯/qb |B¯〉 . (25)
Using mb = mB − Λ¯ +O(Λ2QCD/mb) and mc = mD∗∗ −
Λ¯′,∗+O(Λ2QCD/mc) imply that all first order ΛQCD/mc,b
and αs corrections agree in Eq. (25) as they must. Note
that the left-hand sides of Eq. (25) contain the running
quark masses at the common scale µ. At order αs the
results are sensitive to this, and the O(αs) terms from
the expansion of
mQ = mQ(µ)
[
1 +
αs(µ)
pi
(
4
3
− ln m
2
Q
µ2
)
+ . . .
]
, (26)
are required to be present for Eq. (25) to be satisfied.
As emphasized in Ref. [2], it is probably better to eval-
uate the scalar and pseudoscalar matrix elements using
Eqs. (17), (18), (23), and (24) instead of Eq. (25), be-
cause the natural choice for µ is below mb. In the MS
scheme fermions do not decouple for µ < m, introducing
artificially large corrections in the running, compensated
by corresponding spurious terms in the β-function com-
puted without integrating out heavy quarks [30].
III. B → D∗∗`ν¯ RATES FOR GENERIC NP
It is straightforward to calculate the B → D∗∗`ν¯ rates
including lepton mass effects and all possible four-fermion
operators. The double differential distributions in the
7SM were written down in Ref. [12], the integrals of which
agree with the expressions below. Here we give the sin-
gle differential distributions as the SM plus generic NP.
These expressions can be used with any form factor input
to study the SM predictions and possible patterns of NP
in R(D∗∗). In Appendix A we provide explicit results for
the B¯ → D∗∗`ν¯ amplitudes, which may be used in com-
bination with D∗∗ and τ decay amplitudes to derive fully
differential distributions of the visible decay products in
B¯ → D∗∗`ν¯, including all interference effects [31].
We consider the following complete basis for the four-
Fermi operators mediating b→ c`ν¯ decay
SM: i2
√
2VcbGF
[
c¯γµPLb
][
¯`γµPLν
]
, (27a)
Vector: i2
√
2VcbGF
[
c¯
(
α˜VLγ
µPL + α˜
V
Rγ
µPR
)
b
]
× [¯`(β˜VL γµPL + β˜VRγµPR)ν] , (27b)
Scalar: i2
√
2VcbGF
[
c¯
(
α˜SLPL + α˜
S
RPR
)
b
]
× [¯`(β˜SLPL + β˜SRPR)ν] , (27c)
Tensor: i2
√
2VcbGF
[(
c¯ α˜TLσ
µνPLb
)(
¯`β˜TLσµνPLν
)
+
(
c¯ α˜TRσ
µνPRb
)(
¯`β˜TRσµνPRν
)]
. (27d)
The NP couplings to the quark and lepton currents are
denoted by α˜ij and β˜
i
j , respectively. The lower index
of β˜ denotes the ν helicity and the lower index of α˜ is
that of the b quark. (This notation is a variation of the
conventions chosen in Ref. [31], whence the seemingly
superfluous tildes. See App. A for details.) The NP cou-
plings α˜ij and β˜
k
l may be complex, and α˜
i
j β˜
i
l products are
normalized with respect to the SM couplings, such that
setting α˜VL β˜
V
L = 1 would amount to doubling the coef-
ficient of the (c¯γµPLb)(¯`γ
µPLν) operator compared to
its SM value. The CP conjugate operators for b¯ → c¯¯`ν
are obtained by Hermitian conjugation. The operators
involving right-handed neutrinos are included for com-
pleteness, but do not interfere with the SM (neglecting
mν suppressed terms).
We define the dimensionless ratios
r = mD∗∗/mB , ρ` = m
2
`/m
2
B , (28)
as well as
qˆ2 =
q2
m2B
= 1+r2−2rw , Γ0 = G
2
F |Vcb|2m5B
192pi3
. (29)
In the rest of this section, for brevity, we suppress indica-
tion of absolute value squared for the NP2 terms, so that
all (α˜ij β˜
i
l )
2 terms mean |α˜ij β˜il |2. Similarly, all interfer-
ence terms are understood as the appropriate real parts:
terms linear in NP couplings (coming from SM–NP inter-
ference) of the form α˜ij β˜
i
k mean Re(α˜
i
j β˜
i
l ), while bilinear
terms in NP couplings (from NP–NP interference) of the
form α˜ij β˜
i
m α˜
k
l β˜
k
n mean Re(α˜
i
j β˜
i
m α˜
k
l
∗β˜kn
∗).
Considering only left-handed neutrinos, we obtain for
the B → D∗0`ν¯ rate,
dΓ
(SM)
D∗0
dw
= 4 Γ0 r
3
√
w2 − 1 (qˆ
2 − ρ`
)2
qˆ6
{
g2−(w − 1)
[
ρ`[(1 + r
2)(2w − 1) + 2r(w − 2)] + (1− r)2(w + 1)qˆ2
]
(30a)
+ g2+(w + 1)
[
ρ`[(1 + r
2)(2w + 1)− 2r(w + 2)] + (1 + r)2(w − 1)qˆ2
]
− 2g−g+(1− r2)(w2 − 1)(qˆ2 + 2ρ`)
}
.
dΓD∗0
dw
=
dΓ
(SM)
D∗0
dw
(
1 + α˜VL β˜
V
L − α˜VR β˜VL
)2
+ 2 Γ0 r
3
√
w2 − 1 (qˆ
2 − ρ`
)2
qˆ4
{
3
[
(α˜SR − α˜SL)β˜SL
]2
g2P qˆ
2 (30b)
+ 6(α˜SR − α˜SL)β˜SLgP
√
ρ`
(
1 + α˜VL β˜
V
L − α˜VR β˜VL
)[
g−(1 + r)(w − 1)− g+(1− r)(w + 1)
]
+ 8α˜TL β˜
T
LgT (w
2 − 1)
[
2α˜TL β˜
T
LgT (qˆ
2 + 2ρ`) + 3
√
ρ`
(
1 + α˜VL β˜
V
L − α˜VR β˜VL
)[
g+(1 + r)− g−(1− r)
]]}
.
For the narrow D1 state (s
pi`
` =
3
2
+
) we find
dΓ
(SM)
D1
dw
= 2Γ0r
3
√
w2 − 1 (qˆ
2 − ρ`
)2
qˆ6
{
f2V1
[
2qˆ2[(w − r)2 + 2qˆ2] + ρ`
[
4(w − r)2 − qˆ2]] (31a)
+ (w2 − 1)
(
f2V2
[
2r2qˆ2(w2 − 1) + ρ`[3qˆ2 + 4r2(w2 − 1)]
]
+ f2V3
[
2qˆ2(w2 − 1) + ρ`[4(w − r)2 − qˆ2]
]
+ 2f2Aqˆ
2(2qˆ2 + ρ`) + 2fV1fV2
[
2rqˆ2(w − r) + ρ`(3− r2 − 2rw)
]
+ 4fV1fV3(w − r)(qˆ2 + 2ρ`)
+ 2fV2fV3
[
2rqˆ2(w2 − 1) + ρ`[3wqˆ2 + 4r(w2 − 1)]
])}
,
8dΓD1
dw
=
dΓ
(SM)
D1
dw
(
1 + α˜VL β˜
V
L − α˜VR β˜VL
)2
+ 2Γ0r
3
√
w2 − 1 (qˆ
2 − ρ`
)2
qˆ6
{
3
[
(α˜SL + α˜
S
R)β˜
S
L
]2
f2S(w
2 − 1)qˆ4 (31b)
+ 6(α˜SL + α˜
S
R)β˜
S
L
(
1 + α˜VL β˜
V
L + α˜
V
R β˜
V
L
)
fS(w
2 − 1)qˆ2√ρ`
[
fV1 + fV2(1− rw) + fV3(w − r)
]
+ 16(α˜TL β˜
T
L )
2(qˆ2 + 2ρ`)
(
f2T1
[
qˆ2(2 + w2) + 4r2(w2 − 1)] + f2T2 [4(w − r)2 − qˆ2] + f2T3 qˆ2(w2 − 1)2
+ 2fT1fT2 [3wqˆ
2 + 4r(w2 − 1)]− 2fT3
(
fT1w + fT2
)
qˆ2(w2 − 1)
)
− 24α˜TL β˜TL
√
ρ`qˆ
2
((
1 + α˜VL β˜
V
L − α˜VR β˜VL
)
2fA(fT1r + fT2)(w
2 − 1)
− (1 + α˜VL β˜VL + α˜VR β˜VL )[2fT1fV1(1− rw) + [wfT1 + 3fT2 − fT3(w2 − 1)]fV1(w − r)
+
[
wfT1 + fT2 − fT3(w2 − 1)
]
(fV2r + fV3) (w
2 − 1)
])
+ 4α˜VR β˜
V
L (1 + α˜
V
L β˜
V
L )
(
3f2V1 qˆ
2(2qˆ2 + ρ`) + 2fV1
[
fV1 + 2fV3(w − r)
]
(w2 − 1)(qˆ2 + 2ρ`)
+ (w2 − 1)
(
f2V2
[
2r2qˆ2(w2 − 1) + ρ`[3qˆ2 + 4r2(w2 − 1)]
]
+ f2V3
[
2qˆ2(w2 − 1) + ρ`[4(w − r)2 − qˆ2]
]
+ 2fV1fV2
[
2rqˆ2(w − r) + ρ`(3− r2 − 2rw)
]
+ 2fV2fV3
[
2rqˆ2(w2 − 1) + ρ`[3wqˆ2 + 4r(w2 − 1)]
]))}
.
The result for the broad D∗1 state (s
pi`
` =
1
2
+
) can be obtained from Eqs. (31a) and (31b) via the replacements
fS → −gS , fA → gA, fVi → gVi , fTi → gTi , where i = 1, 2, 3. For dΓ(B → D∗2`ν¯)/dw the result is
dΓ
(SM)
D∗2
dw
=
2Γ0
3
r3(w2 − 1)3/2 (qˆ
2 − ρ`
)2
qˆ6
{
k2A1
[
2qˆ2
[
2(w − r)2 + 3qˆ2]+ ρ`[8(w − r)2 − 3qˆ2]] (32a)
+ 2(w2 − 1)
(
k2A2
[
2r2qˆ2(w2 − 1) + ρ`
[
3qˆ2 + 4r2(w2 − 1)]]+ k2A3[2qˆ2(w2 − 1) + ρ`[4(w − r)2 − qˆ2]]
+ 3k2V qˆ
2(qˆ2 + ρ`/2) + 2kA1kA2
[
2rqˆ2(w − r) + ρ`(3− r2 − 2rw)
]
+ 4kA1kA3(w − r)(qˆ2 + 2ρ`)
+ 2kA2kA3
[
2rqˆ2(w2 − 1) + ρ`
[
3wqˆ2 + 4r(w2 − 1)]])} ,
dΓD∗2
dw
=
dΓ
(SM)
D∗2
dw
(
1 + α˜VL β˜
V
L − α˜VR β˜VL
)2
+
4Γ0
3
r3(w2 − 1)3/2 (qˆ
2 − ρ`
)2
qˆ6
{
(32b)
6α˜VR β˜
V
L (1 + α˜
V
L β˜
V
L )k
2
V (w
2 − 1)qˆ2(2qˆ2 + ρ`) + 3
[
(α˜SR − α˜SL)β˜SL
]2
k2P (w
2 − 1)qˆ4
+ 6(α˜SL − α˜SR)β˜SLkP (w2 − 1)qˆ2
√
ρ`
(
1 + α˜VL β˜
V
L − α˜VR β˜VL
)[
kA1 + kA2(1− rw) + kA3(w − r)
]
+ 16(α˜TL β˜
T
L )
2(qˆ2 + 2ρ`)
(
k2T1(w + 1)
[
qˆ2(4w + 1) + 6r(w2 − 1)]+ k2T2(w − 1)[qˆ2(4w − 1) + 6r(w2 − 1)]
+ kT3(w
2 − 1)qˆ2[kT3(w2 − 1) + 2kT1(w + 1) + 2kT2(w − 1)]− 4kT1kT2(w2 − 1)(1 + rw − 2r2))
+ 12α˜TL β˜
T
L
√
ρ` qˆ
2
(
(w2 − 1)
(
2(kA2 r + kA3)
(
1 + α˜VL β˜
V
L − α˜VR β˜VL
) [
kT1(w + 1) + (w − 1)(kT2 + kT3(1 + w))
]
− 3kV (1 + α˜VR β˜VL + α˜VL β˜VL )
[
kT1(1 + r)− kT2(1− r)
])
+ kA1
(
1 + α˜VL β˜
V
L − α˜VR β˜VL
)
× [kT1(w + 1)(3 + 2w − 5r)− kT2(w − 1)(3− 2w + 5r) + 2kT3(w2 − 1)(w − r)])} .
In the heavy quark limit, for the SM and the tensor cou-
pling contributions, using Eqs. (15) and (21), our results
in Eqs. (30)–(32) agree with the results in Eqs. (B9)
– (B12) in Ref. [32] (see also Ref. [33]), which studied
9the R(D∗∗) predictions for a NP tensor interaction using
QCD sum rule predictions for the leading order Isgur-
Wise functions. In Appendix B, for completeness we in-
clude the analogous expressions for the B → D(∗) rates.
In the SM, the only form factors that enter these rates
without additional (w−1) suppressions are g+ for D∗0 , gV1
for D∗1 , and fV1 for D1. In the infinite mass limit, these
form factors must vanish at w = 1 due to heavy quark
symmetry. The model independent result derived in the
SM is that the O(ΛQCD/mc,b) leading terms for these
form factors at w = 1 are determined by hadron mass
splittings and the leading order Isgur-Wise functions [14],
gˆ+(1) = −3
2
(εc + εb) (Λ¯
∗ − Λ¯) + . . . ,
gˆV1(1) = (εc − 3 εb)(Λ¯∗ − Λ¯) + . . . ,√
6 fˆV1(1) = −8 εc(Λ¯′ − Λ¯) + . . . , (33)
where the ellipses denote O[αs(w − 1), εc,b(w − 1), ε2c,b]
and higher order terms. All terms in dΓD∗2/dw have an
overall (w2 − 1)3/2 suppression, so there is no similar
constraint for that channel.
In the presence of new physics, the gP (for D
∗
0), gT1,2
(for D∗1), and fT1,2 (for D1) form factors also have un-
suppressed contributions at w = 1. Of these, gP (1) van-
ishes in the heavy quark limit, and is determined at order
ΛQCD/mc,b by hadron mass splittings and the leading or-
der Isgur-Wise function similar to Eq. (33) above
gˆP (1) = 3 (εc − εb)(Λ¯∗ − Λ¯) + . . . . (34)
The fT1,2 and gT1,2 form factors are proportional to the
respective Isgur-Wise functions, ζ and τ , in the heavy
quark limit, without any (w − 1) factors, and their con-
tributions to dΓ/dw neither include a (w − 1) suppres-
sion. However, in the heavy quark limit, gT1 = −gT2 and
fT1 = −fT2 , so only fT1 +fT2 and gT1 +gT2 terms appear
in the rates. One sees in Eq. (31b) that the sum of the
terms proportional to f2T1 , f
2
T2
, and fT1fT2 vanishes at
w = 1 in the heavy quark limit, as it must (and simi-
larly for the g2T1 , g
2
T2
, and gT1gT2 terms). The contribu-
tions to the rate proportional to the linear combinations
(fT1−fT2) and (gT1−gT2) are suppressed by (w−1), while
√
6
[
fˆT1(1) + fˆT2(1)
]
= −8εc(Λ¯′ − Λ¯) + . . . ,
gˆT1(1) + gˆT2(1) = (εc + 3εb)(Λ¯
∗ − Λ¯) + . . . , (35)
are again determined at order ΛQCD/mc,b by hadron
mass splittings and the leading order Isgur-Wise func-
tion, similar to Eqs. (33) and (34).
IV. SOME PREDICTIONS
The data which can be used to constrain the leading
and subleading Isgur-Wise functions are the four B¯ →
D∗∗lν¯ branching ratios, the B¯ → D∗2lν¯ and B¯ → D∗0lν¯
spectra measured [34] in four and five bins of q2, respec-
tively, and the B → D3/2+pi rates which are related to the
semileptonic rates at q2 = m2pi using factorization. The
available data, used in our fits, is identical to that col-
lected in Tables V–VII in Ref [12], and are not repeated
here. In all fits we perform, we expand the leading-order
Isgur-Wise functions in (w − 1) to linear order,
τ(w) ' τ(1)[1 + τ ′(w − 1)] ,
ζ(w) ' ζ(1)[1 + ζ ′(w − 1)] . (36)
In our predictions for the B¯ → D∗∗τν rates and R(D∗∗),
for simplicity we assume that the l = e, µ rates are given
by the SM, and that NP may only enter the τ mode.
A. Fits in the heavy quark limit
To understand the importance of the O(ΛQCD/mc,b)
corrections, it is instructive to attempt fitting the data
using the form factor parametrizations in the heavy
quark limit. Fitting the dΓ/dw data for D∗2 and D
∗
0 and
the branching fractions of all four states in the heavy
quark limit, using Eqs. (15) and (21), yields an unac-
ceptably poor fit (χ2/dof = 80./4). The fit is not im-
proved with the addition of quadratic terms to Eqs. (36).
Given the branching ratios and some gain in efficiencies
in Belle II over Belle, one may expect sensitivity to such
quadratic terms with about (5–10)/ab of Belle II data.
To better quantify this tension, we instead fit τ(1) and
τ ′ (ζ(1) and ζ ′) using the branching ratio and dΓ/dw for
the D∗2 (D
∗
0) alone, and the B¯ → D∗2pi rate. This yields
good fits, with the results shown in Table IV. From these
fits one can predict the ratios,
R3/2 =
Γ[B¯ → D∗2lν¯]
Γ[B¯ → D1lν¯] ' 1.67± 0.09 ,
R1/2 =
Γ[B¯ → D∗0lν¯]
Γ[B¯ → D∗1lν¯]
' 0.88± 0.07 , (37)
to be compared to the current experimental values [12,
34], R3/2 ' 0.45 ± 0.07 and R1/2 ' 2.2 ± 0.7. (The
χ2/dof τ(1) τ ′
2.5/3 0.65± 0.08 −1.3± 0.4
τ(1) 1 −0.90
τ ′ −0.90 1
χ2/dof ζ(1) ζ′
9.1/4 1.14± 0.32 −0.20± 1.0
ζ(1) 1 −0.95
ζ′ −0.95 1
TABLE IV. Fit results and correlations, fitting at leading
order in HQET the B¯ → D∗2 lν¯ data (above) andD∗0 lν¯ (below).
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R3/2 = 1.67 central value is very close to the ‘B∞’ result,
1.65, in Table II in Ref. [14].) The severe tension for R3/2,
about 10σ, is evidence for the presence of large deviations
from the heavy quark limit. Adding quadratic terms to
Eqs. (36) does not resolve this tension. However, includ-
ing the O(ΛQCD/mc,b) corrections yields good fits [12],
in alignment with the expectation that these corrections
can be large because of the zero recoil suppression of the
heavy quark limit terms. Therefore, hereafter we con-
sider only fits including both ΛQCD/mc,b and αs terms.
B. Fits including the subleading terms
To deal with the several unknown subleading Isgur-
Wise functions and the limited amount of experimental
data, some approximations need to be made. In what is
called “Approximation A” in Ref. [14], (w− 1) is treated
as a small parameter of order ΛQCD/mc,b, up to second
order terms are kept, and chromomagnetic terms are ne-
glected. This reduces the number of subleading Isgur-
Wise functions that enter, and allows parametrization of
the rates with a few numbers (rather than functions). In
“Approximation B” one does not expand in (w− 1), but
still neglects chromomagnetic terms. Finally, Ref. [12]
introduced an “Approximation C”, which treats τˆ1,2 and
ζˆ1 as constant fit parameters. It also does not neglect the
subleading Isgur-Wise functions parametrizing matrix el-
ements of the chromomagnetic term in the Lagrangian,
motivated by the fact that the mD∗1 −mD∗0 mass splitting
no longer appears much smaller than mD∗ −mD.
We have updated the Approximation C fit to include
the αs corrections neglected in Ref. [12]. This changes the
fit parameters shown in Table V only slightly compared
to Ref. [12]. For R(D∗∗) defined in Eq. (1) we obtain
R(D∗0) = 0.08± 0.03 , R˜(D∗0) = 0.24± 0.05 ,
R(D∗1) = 0.05± 0.02 , R˜(D∗1) = 0.18± 0.02 ,
R(D1) = 0.10± 0.02 , R˜(D1) = 0.20± 0.02 ,
R(D∗2) = 0.07± 0.01 , R˜(D∗2) = 0.17± 0.01 , (38)
and the phase-space constrained ratio is defined as
R˜(X) =
∫ (mB−mX)2
m2τ
dΓ(B¯ → Xτν¯)
dq2
dq2∫ (mB−mX)2
m2τ
dΓ(B¯ → Xlν¯)
dq2
dq2
. (39)
Our results in Eq. (38) are nearly identical with Eq. (38)
in Ref. [12]. The ratio for the sum of the fourD∗∗ states is
R(D∗∗) =
∑
X∈D∗∗ Γ[B¯ → Xτν¯]∑
X∈D∗∗ Γ[B¯ → Xlν¯]
= 0.08± 0.01 . (40)
We next consider new physics generating one of the
interactions in the basis defined by Eq. (3). The scalar
χ2/dof τ(1) τ ′ τˆ1 τˆ2
2.4/4 0.70± 0.07 −1.6± 0.2 −0.5± 0.3 2.9± 1.4
τ(1) 1 −0.85 0.53 −0.49
τ ′ −0.85 1 −0.17 0.086
τˆ1 0.53 −0.17 1 −0.89
τˆ2 −0.49 0.086 −0.89 1
χ2/dof ζ(1) ζ′ ζˆ1
9.1/4 0.70± 0.21 0.2± 1.4 0.6± 0.3
ζ(1) 1 −0.95 −0.44
ζ′ −0.95 1 0.61
ζˆ1 −0.44 0.61 1
TABLE V. Fit results and correlations for Approximation C,
for the narrowD3/2
+
(above) and broadD1/2
+
(below) states.
(OS) and pseudoscalar (OP ) matrix elements could be
estimated in the past using Eq. (25) [12]. A right-handed
vector current, OV +OA, does not help to fit the current
data, and OV −OA is the SM operator. Hence, we study
here in some detail NP generating the tensor operator,
OT , which has best fit for the present data at α˜
T
L β˜
T
L '
0.35, assuming it is real (corresponding to CT ' 0.48 in
the conventions of Ref. [35]). This is for primarily for
illustration: While exclusively OT cannot be generated
by a dimension-6 new physics operator, it can arise from
Fierzing interactions generated in viable scenarios.
Figure 1 (left) shows our predictions for R(D∗∗) as
functions of α˜TL β˜
T
L , and Fig. 1 (right) shows the pre-
dictions for R(X)/R(X)SM for all six D
(∗,∗∗) states.
In the vicinity of α˜TL β˜
T
L ' 0.35, where the cur-
rent R(D) and R(D∗) data can be fit well, mea-
surements of R(D∗∗) will have a lot of discriminat-
ing power. We obtain for α˜TL β˜
T
L = 0.35 the central
values for R(X)/R(X)SM = {0.46, 4.3, 4.3, 0.47} for
{D∗0 , D∗1 , D1, D∗2}, respectively, whereas the correspond-
ing values for {D, D∗} are {1.51, 1.25}. The uncertainty
bands are dominated by the first principal components
of the fit covariance matrices, added in quadrature with
variations in ζ1 and τ1 (see Ref. [12] for details). Figure 2
shows the predicted dΓ/dw spectra both for the SM and
for α˜TL β˜
T
L ' 0.35.
Understanding B¯ → D∗∗lν¯ is also important because
they give some of the largest experimental backgrounds
to the measurements of R(D(∗)). For example, for Belle,
Table IV in Ref. [36] showed that the B¯ → D∗∗`ν¯
shapes and composition are significant backgrounds to
the R(D(∗)) measurements. For BaBar, Table V in
Ref. [37] lists separately the uncertainties due to B¯ →
D∗∗lν¯ and B¯ → D∗∗τ ν¯, which are both significant. The
sensitive dependence of the B¯ → D∗∗`ν¯ rates on α˜TL β˜TL
shown in Figs. 1 and 2 illustrate the importance of treat-
ing these D∗∗ backgrounds to B¯ → D(∗)`ν¯ consistently,
when fitting NP to more precise future R(D(∗)) data.
Figure 3 shows the possible ranges of R(D1) and
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FIG. 2. Predicted dΓ/dw distributions normalized to the
SM rates for each of the four D(∗∗) states, in the SM
(dashed curves) and for α˜TL β˜
T
L = 0.35 (solid curves), as de-
termined from the Approximation C best fit result, including
ΛQCD/mc,b and αs corrections.
R(D∗2), for the two narrow states, allowing any one of the
four non-SM interactions, with arbitrary relative phases
compared to the SM. The Approximation C best fit result
is used, including ΛQCD/mc,b and αs corrections.
Predictions for B¯s → D∗∗s `ν¯ can be made using the
same formalism with the appropriate hadron masses, the
Λ¯(′,∗) parameters in Table II, and flavor SU(3) symme-
try for the form factors. Three of the D∗∗s states have
widths below a few MeV, and may become the first
B¯(s) → D∗∗(s)τ ν¯ decay modes measured by LHCb. The
R(D∗∗s ) predictions are numerically close to those for
B¯ → D∗∗`ν¯, but larger uncertainties arise from SU(3)
violation and questions remain regarding the interpreta-
tion of D∗∗s as simply orbitally excited s¯c states [12].
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FIG. 3. Allowed ranges of R(D1) and R(D
∗
2) for the two
narrow states, in the presence of any one of the four non-SM
currents with arbitrary weak phases, as determined from the
Approximation C best fit result, including ΛQCD/mc,b and αs
corrections. The SM prediction is shown by the black dot.
V. CONCLUSIONS
We derived the B¯ → D∗∗`ν¯ decay rates for arbitrary
beyond SM b → c currents and finite charged lepton
mass, including all order ΛQCD/mc,b and αs terms in
the heavy quark effective theory expansion of the form
factors.
To describe all b→ c current matrix elements, includ-
ing ΛQCD/mc,b and αs corrections, only four functions
of w (ζ, ζˆ1, and χˆ1,2) are needed to determine all twelve
B → D1/2+ form factors in Eqs. (17) and (18) to this
order, as well as the mass parameters Λ¯∗ and Λ¯. For
12
B → D3/2+ decays, six functions of w (τ , τˆ1,2, and ηˆ1,2,3)
describe the sixteen form factors in Eqs. (23) and (24) at
this order, plus the mass parameters Λ¯′ and Λ¯.
With the above results, we have now all ingredients in
place to consistently study semileptonic B decays to the
six lightest charm mesons, B¯ → D(∗,∗∗)`ν¯, for arbitrary
new physics and for arbitrary charged lepton masses.
These results are being implemented in the Hammer [38]
analysis software, which will allow reweighing fully sim-
ulated data for fully differential decays to arbitrary new
physics, including arbitrary NP contributions for each of
the three lepton flavors. This will lead to better con-
trol of both theoretical and experimental uncertainties
in R(D(∗,∗∗)) measurements, as well as in the determina-
tions of |Vcb| and |Vub| from semileptonic B decays.
Unlike calculations using model-dependent inputs on
the form factors, our predictions are systematically im-
provable with more data on the B¯ → D∗∗lν¯ decays
to light lepton final states and/or input from lattice
QCD. The upcoming much larger data sets at LHCb and
Belle II will answer many important questions.
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Appendix A: NP Amplitudes
In this appendix we provide explicit results for the
B → D¯∗∗ ¯`ν amplitudes themselves. These B → D¯∗∗ am-
plitudes correspond to those used in the hammer code [38].
As in Ref. [31], we consider the b¯ → c¯ amplitudes,
defining the basis of NP operators to be
SM: i2
√
2V ∗cbGF
[
b¯γµPLc
][
ν¯γµPL`
]
, (A1a)
Vector: i2
√
2V ∗cbGF
[
b¯
(
αVLγ
µPL + α
V
Rγ
µPR
)
c
]
× [ν¯(βVL γµPL + βVRγµPR)`] , (A1b)
Scalar: − i2
√
2V ∗cbGF
[
b¯
(
αSLPL + α
S
RPR
)
c
]
× [ν¯(βSLPR + βSRPL)`] , (A1c)
Tensor: − i2
√
2V ∗cbGF
[(
b¯αTRσ
µνPRc
)(
ν¯βTLσµνPR`
)
+
(
b¯αTLσ
µνPLc
)(
ν¯βTRσµνPL`
)]
. (A1d)
The lower index of β denotes the ν helicity and the lower
index if α is that of the c quark. The correspondence
between these coefficients and those defined in Eq. (27)
is (equivalent to)
αVL = α˜
V
L
∗ , αVR = α˜
V
R
∗ ,
αSL = −α˜SR∗ , αSR = −α˜SL∗ ,
αTL = −α˜TR∗ , αTR = −α˜TL∗ ,
βij = β˜
i
j
∗ , (A2)
Operators for the CP conjugate b → c processes are ob-
tained by Hermitian conjugation.
The B → D¯∗∗ ¯`ν process features only a single physi-
cal polar helicity angle, θ`, defined in Fig. 4 below. (He-
licity angles and momenta are defined with respect to
the b¯ → c¯ process. Definitions for the conjugate process
follow by replacing all particles with their antiparticles.)
With respect to the D∗∗ → DY decay products, one may
define φ` and φD as twist angles of the `–ν and D–Y de-
cay planes, in accordance with Fig. 4: The combination
φ`−φD becomes a physical phase in the presence of D∗∗
decays. Anticipating the need to account for interference
effects once D∗∗ and τ decays are included, we therefore
write results for the helicity amplitudes including this
physical phase combination. We adopt conventions that
match the spinor conventions of Ref. [31] for the τ decay
amplitudes. For left-handed neutrino amplitudes, this is
achieved by including an extra D∗∗ phase factor eiλD∗∗φD
for D∗∗ spin λD, and an additional spinor phase function,
hs` = 1, e
−iφ` for s` = 1, 2 respectively. (We label the
leptonic spin by 1 and 2, to distinguish it from the D∗∗
spins as well as to match the conventions of Ref. [31] for
massive spinors.)
Under these conventions, the fully differential B →
D¯∗∗ ¯`ν rates may be written as
d2Γ
dw d cos θ`
=
G2Fm
5
B
64pi3
2r3
√
w2 − 1 (qˆ2 − r2` )2
qˆ2
×
∑
λD∗∗ ,s`
∣∣∣AλD∗∗s` ∣∣∣2 , (A3)
in which r` = m`/mB =
√
ρ`.
In the following subsections, we write the AλD∗∗s` helic-
ity amplitudes for the b¯ → c¯ processes, for left-handed
neutrinos only. As in Ref. [31] , the amplitudes for right-
handed neutrinos are straightforward to include. The
CP conjugate b→ c processes are obtained via
Asb→c(θ, φ;α, β) = As¯b¯→c¯(θ,−φ;α∗, β∗) , (A4)
where s is the set of external state quantum numbers,
and s¯ denotes their corresponding CP conjugates. For
the D∗2 processes, the λD∗2 = ±2 amplitudes are all zero,
and are not included. We label the remaining amplitudes
via λD∗2 = ±, 0.
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FIG. 4. Helicity angle definitions
a. B → D¯∗0`ν
A1/
√
2 =
{
1
2
gP (α
S
L − αSR)βSL + 2gT
√
w2 − 1αTRβTL cos θ`
− g+r`(1 + (α
V
L − αVR)βVL )
(
(r − 1)(1 + w) + (1 + r)√w2 − 1 cos θ`
)
2qˆ2
− g−r`(1 + (α
V
L − αVR)βVL )
(
(1 + r)(w − 1) + (r − 1)√w2 − 1 cos θ`
)
2qˆ2
}
A2/
√
2 = sin θ`
{
− 2gT r`
√
w2 − 1
qˆ2
αTRβ
T
L +
1
2
g+(1 + r)
√
w2 − 1
qˆ2
(1 + (αVL − αVR)βVL )
+
1
2
g−(r − 1)
√
w2 − 1
qˆ2
(1 + (αVL − αVR)βVL )
}
.
b. B → D¯1`ν
A−1 = sin θ`e
−i(φD−φ`)
{
1
2
fAr`
√
w2 − 1
qˆ2
(1 + (αVL − αVR)βVL ) +
fV1r`(1 + (α
V
L + α
V
R)β
V
L )
2
√
qˆ2
+
2
(
fT2
(
r − w +√w2 − 1)+ fT1(−1 + rw + r√w2 − 1)αTRβTL√
qˆ2
}
A−2 = cos
2 θ`
2
e−i(φD−φ`)
{
fA
√
w2 − 1(1 + (αVL − αVR)βVL ) + fV1(1 + (αVL + αVR)βVL )
+
4r`
(
fT2
(
r − w +√w2 − 1)+ fT1(−1 + rw + r√w2 − 1)αTRβTL
qˆ2
}
A01 =
{
− fS
√
w2 − 1(αSL + αSR)βSL√
2
+
fV1r`(1 + (α
V
L + α
V
R)β
V
L )
(√
w2 − 1 + (r − w) cos θ`
)
√
2qˆ2
− r`
√
w2 − 1(1 + (αVL + αVR)βVL )
(
fV3(r − w) + fV2(rw − 1) + (fV3 + fV2r)
√
w2 − 1 cos θ`
)
√
2qˆ2
+ 2
√
2
(
fT2 + fT3 + fT1w − fT3w2
)
αTRβ
T
L cos θ`
}
A02 = sin θ`
{
− fV1(r − w)(1 + (α
V
L + α
V
R)β
V
L )√
2
√
qˆ2
+
(fV3 + fV2r)
(
w2 − 1)(1 + (αVL + αVR)βVL )√
2
√
qˆ2
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− 2
√
2r`
(
fT2 + fT3 + fT1w − fT3w2
)
αTRβ
T
L√
qˆ2
}
A+1 = sin θ`e
+i(φD−φ`)
{
1
2
fAr`
√
w2 − 1
qˆ2
(−1 + (αVR − αVL )βVL ) +
fV1r`(1 + (α
V
L + α
V
R)β
V
L )
2
√
qˆ2
− 2
(
fT2(w − r +
√
w2 − 1) + fT1(1− rw + r
√
w2 − 1)αTRβTL√
qˆ2
}
A+2 = sin
2 θ`
2
e+i(φD−φ`)
{
fA
√
w2 − 1(1 + (αVL − αVR)βVL ) + fV1(−1− (αVL + αVR)βVL )
+
4r`
(
fT2(w − r +
√
w2 − 1) + fT1(1− rw + r
√
w2 − 1)αTRβTL
qˆ2
}
.
c. B → D¯∗2`ν
A−1 = sin θ`e
−i(φD−φ`)
{
kV r`
(
w2 − 1)(1 + (αVL + αVR)βVL )
2
√
2
√
qˆ2
+
kA1r`
√
w2 − 1(1 + (αVL − αVR)βVL )
2
√
2
√
qˆ2
+
√
2kT1(1 + w)
(
(1 + r)(w − 1)− (1− r)√w2 − 1)αTRβTL√
qˆ2
+
√
2kT2(w − 1)
(
(r − 1)(1 + w) + (1 + r)√w2 − 1)αTRβTL√
qˆ2
}
A−2 = cos
2 θ`
2
e−i(φD−φ`)
{
kV
(
w2 − 1)(1 + (αVL + αVR)βVL )√
2
+
kA1
√
w2 − 1(1 + (αVL − αVR)βVL )√
2
+
2
√
2kT1r`(1 + w)
(
(1 + r)(w − 1)− (1− r)√w2 − 1)αTRβTL
qˆ2
+
2
√
2kT2r`(w − 1)
(
(r − 1)(1 + w) + (1 + r)√w2 − 1)αTRβTL
qˆ2
}
A01 =
{
kP
(
w2 − 1)(αSL − αSR)βSL√
3
+
kA1r`(1 + (α
V
L − αVR)βVL )
(
w2 − 1 + (r − w)√w2 − 1 cos θ`
)
√
3qˆ2
− r`
(
w2 − 1)(1 + (αVL − αVR)βVL )(kA3(r − w) + kA2(rw − 1) + (kA3 + kA2r)√w2 − 1 cos θ`)√
3qˆ2
+
4kT1(1 + w)
√
w2 − 1αTRβTL cos θ`√
3
+
4kT2(w − 1)
√
w2 − 1αTRβTL cos θ`√
3
+
4kT3
(
w2 − 1)3/2αTRβTL cos θ`√
3
}
A02 = sin θ`
{
kA1(w − r)
√
w2 − 1(1 + (αVL − αVR)βVL )√
3
√
qˆ2
+
(kA3 + kA2r)
(
w2 − 1)3/2(1 + (αVL − αVR)βVL )√
3
√
qˆ2
−
4kT1r`(1 + w)
√
qˆ2
(
w2 − 1)αTRβTL√
3qˆ2
−
4kT2r`(w − 1)
√
qˆ2
(
w2 − 1)αTRβTL√
3qˆ2
− 4kT3r`
(
w2 − 1)3/2αTRβTL√
3
√
qˆ2
}
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A+1 = sin θ`e
+i(φD−φ`)
{
− kV r`
(
w2 − 1)(1 + (αVL + αVR)βVL )
2
√
2
√
qˆ2
+
kA1r`
√
w2 − 1(1 + (αVL − αVR)βVL )
2
√
2
√
qˆ2
−
√
2kT1(1 + w)
(
(1 + r)(w − 1) + (1− r)√w2 − 1)αTRβTL√
qˆ2
+
√
2kT2(w − 1)
(
(1− r)(1 + w) + (1 + r)√w2 − 1)αTRβTL√
qˆ2
}
A+2 = sin
2 θ`
2
e+i(φD−φ`)
{
kV
(
w2 − 1)(1 + (αVL + αVR)βVL )√
2
+
kA1
√
w2 − 1(−1 + (αVR − αVL )βVL )√
2
+
2
√
2kT1r`(1 + w)
(
(1 + r)(w − 1) + (1− r)√w2 − 1)αTRβTL
qˆ2
− 2
√
2kT2r`(w − 1)
(
(1− r)(1 + w) + (1 + r)√w2 − 1)αTRβTL
qˆ2
}
.
Finally, the B → D¯∗1`ν amplitudes are obtained from the
B → D1`ν results, with the form factor mapping
fS 7→ −gS , fA,Vi,Ti 7→ gA,Vi,Ti , (A5)
where i = 1, 2, 3, as follows from the definitions in
Eqs. (14) and (19).
Appendix B: B → D(∗)`ν¯
For completeness, and to have all six B → D(∗,∗∗)
rates together in the same notation, we list here dΓ/dw
for arbitrary charged lepton mass and weak current for
the B → D(∗)`ν¯ modes as well. We use the form factors
defined as in Ref. [2]. For B¯ → D,
〈
D
∣∣ c¯ b ∣∣B¯〉 = √mBmD hS (w + 1) , (B1)〈
D
∣∣ c¯γ5b ∣∣B¯〉 = 〈D| c¯γµγ5b |B¯〉 = 0 ,
〈
D
∣∣ c¯γµb ∣∣B¯〉 = √mBmD [h+(v + v′)µ + h−(v − v′)µ],〈
D
∣∣ c¯σµνb ∣∣B¯〉 = i√mBmD [hT (v′µvν − v′νvµ)],
while for the B¯ → D∗,〈
D∗
∣∣ c¯b ∣∣B¯〉 = 0 , (B2)〈
D∗
∣∣ c¯γ5b ∣∣B¯〉 = −√mBmD∗ hP (∗ · v) ,〈
D∗
∣∣ c¯γµb ∣∣B¯〉 = i√mBmD∗ hV εµναβ ∗νv′αvβ ,〈
D∗
∣∣ c¯γµγ5b ∣∣B¯〉 = √mBmD∗ [hA1(w + 1)∗µ
− hA2(∗ · v)vµ − hA3(∗ · v)v′µ
]
,〈
D∗
∣∣ c¯σµνb ∣∣B¯〉 = −√mBmD∗ εµναβ[hT1∗α(v + v′)β
+ hT2
∗
α(v − v′)β + hT3(∗ · v)vαv′β
]
.
The common sign convention in B → D(∗)`ν¯ papers is
σµνγ5 ≡ −(i/2)µνρσσρσ such that Tr[γµγνγσγργ5] =
+4iµνρσ. This corresponds to the heavy quark symme-
try relations with signs h+ = hV = hA1 = hA3 = hS =
hP = hT = hT1 = ξ (and h− = hA2 = hT2 = hT3 = 0).
This convention is only used in this appendix, and is the
opposite of that for B → D(∗∗)`ν¯ used in Refs. [12–14]
and the rest of this paper.
Then we find
dΓ
(SM)
D
dw
= 4 Γ0 r
3
√
w2 − 1 (qˆ
2 − ρ`
)2
qˆ6
{
(w2 − 1) qˆ2[h+(1 + r)− h−(1− r)]2 (B3a)
+ ρ`
[
h2+(w + 1)
[
2(w − 2r + r2w) + qˆ2]+ h2−(w − 1)[2(w − 2r + r2w)− qˆ2]+ 4h−h+(r2 − 1)(w2 − 1)]} ,
dΓD
dw
=
dΓ
(SM)
D
dw
(
1 + α˜VL β˜
V
L + α˜
V
R β˜
V
L
)2
+ 4 Γ0 r
3
√
w2 − 1 (qˆ
2 − ρ`
)2
qˆ6
{
3
2
[
(α˜SL + α˜
S
R)β˜
S
L
]2
h2S (w + 1)
2 qˆ4 (B3b)
+ 3
√
ρ`(α˜
S
L + α˜
S
R)β˜
S
L
(
1 + α˜VL β˜
V
L + α˜
V
R β˜
V
L
)
hS(1 + w) qˆ
2
[
h−(1 + r)(1− w) + h+(1− r)(1 + w)
]
+ 4α˜TL β˜
T
LhT (w
2 − 1)qˆ2
[
2α˜TL β˜
T
LhT (qˆ
2 + 2ρ`) + 3
√
ρ`
(
1 + α˜VL β˜
V
L + α˜
V
R β˜
V
L
)[
h+(1 + r)− h−(1− r)
]]}
.
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The B → D∗ result is
dΓ
(SM)
D∗
dw
= 2Γ0r
3
√
w2 − 1 (qˆ
2 − ρ`
)2
qˆ6
{
2(w + 1)qˆ2
(
2qˆ2
[
h2A1(w + 1) + h
2
V (w − 1)
]
+ (w + 1)
[
hA1(w − r)− (r hA2 + hA3)(w − 1)
]2)
(B4a)
+ ρ`(w + 1)
([
h2A1(w + 1) + h
2
A3(w − 1)
]
[4(w − r)2 − qˆ2] + 2hA1(w2 − 1)
[
hA2(r
2 + 2rw − 3) + 4hA3(r − w)
]
+ (w − 1)
[(
2h2V − h2A2
)
qˆ2 + h2A24(rw − 1)2 + 2hA2hA3
[
3w + 3r2w − 2r(w2 + 2)]])} .
dΓD∗
dw
=
dΓ
(SM)
D∗
dw
(
1 + α˜VL β˜
V
L − α˜VR β˜VL
)2
+ 2Γ0r
3
√
w2 − 1 (qˆ
2 − ρ`
)2
qˆ6
{
3
[
(α˜SL − α˜SR)β˜SL
]2
h2P (w
2 − 1)qˆ4 (B4b)
− 6(α˜SL − α˜SR)β˜SL
(
1 + α˜VL β˜
V
L − α˜VR β˜VL
)
hP (w
2 − 1)qˆ2√ρ`
[
hA1(1 + w)− hA2(1− rw)− hA3(w − r)
]
+ 16(α˜TL β˜
T
L )
2(qˆ2 + 2ρ`)
(
h2T1(w + 1)
[
qˆ2(5w + 1) + 8r(w2 − 1)] + h2T2(w − 1)[qˆ2(5w − 1) + 8r(w2 − 1)]
+ h2T3 qˆ
2(w2 − 1)2 − 2hT1hT2(w2 − 1)(3 + 2rw − 5r2)− 2hT3
[
hT1(w + 1) + hT2(w − 1)
]
qˆ2(w2 − 1)
)
+ 24α˜TL β˜
T
L
√
ρ` qˆ
2(w + 1)
((
1 + α˜VL β˜
V
L + α˜
V
R β˜
V
L
)
2hV
[
hT1(1 + r)− hT2(1− r)
]
(w − 1)
+
(
1 + α˜VL β˜
V
L − α˜VR β˜VL
)[
hA1
[
hT2(2− w + 3r)(w − 1)− hT1(2 + w − 3r)(w + 1) + hT3(w − r)(w2 − 1)
]
+ (hA2r + hA3)
[
hT1(w + 1) + hT2(w − 1)− hT3(w2 − 1)
]
(w − 1)
])
+ 8α˜VR β˜
V
L (1 + α˜
V
L β˜
V
L )h
2
V qˆ
2(2qˆ2 + ρ`)(w
2 − 1)
}
.
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